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Exact solution of the integrable XXZ Heisenberg model with
arbitrary spin: II. Thermodynamics of the system

A N Kirillov and N Yu Reshetikhin
LOMI, Fontanka 27, Leningrad, 191011, USSR

Received 4 March 1986

Abstract. The thermodynamics of the integrable generalisation of the XXZ Heisenberg
model with arbitrary spin is studied. The low- and high-temperature heat capacities and
magnetic susceptibility are computed.

1. Introduction

In the previous paper (Kirillov and Reshetikhin 1987) we obtained the thermodynamic
equations of the XXZ model with spin S. This model describes an anisotropic spin-
S chain with nearest-neighbour interactions. The Hamiltonian of the model was given
in the paper mentioned above.

Let us define the following sequences starting from the anisotropy parameter y
(see Takahashi and Suzuki 1972)

Do=m/Yy p=1 bi=[-p—i] Pis1=Pioy—bi_( p; iz1 (1.1)
Pi+y

y_,=0 yo=1 yi=by Yier =Yia+ by, iz0 (1.2)

my=0 m,=m+b; i=0 (1.3)

n=yiot(~m)y rg)=i m<j<my, (1.4)

qj=(_l)r(j)(pi—(j-mi)pi+l) m=<j<m,,. (1.5)

The free energy of the system is expressed by

F(HT)=-Y J (=1)"Pa;,5(A) T log[1+exp(—Be;(A))1dA  (1.6)

jizZ1J -
where €;(A) are the solutions of the following system:

2poea;zs(A)+ mH — T log[1+exp(Be;)]+ 3. A, * T log[1+exp(—Bei)]=0. (1.7)
k=1

Here * is the convolution of functions, H is the magnetic field, T is the temperature
and e =+1. The functions a;,5(A) and A, (1) are given by their Fourier transforms:

Ay (x) = Ay(x) =24, ()R + (1) 84 8,m k=j (1.8)

325(3) = A1 (08,01(0) +2 005h(gx) T Ajmrs()5(x) S (x) (1.9)
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where
A ]
S,-(x)——2 cosh( prx) (1.10)
. _ sinh(g;x)
aj(x)_——_sinh(pox) (11

_(—_1yr) "1_1 o
A;(x) =cos[<{§:} Nl el 21) >pox} + I; cosh[({n’p0 l} —{é})Pox:l (1.12)

where o is connected with the value of spin by 1+2S8=n,.
We use the following normalisation of the Fourier transform

+oo +oc
() =J- exp(i/\X)f(x)‘;% f(x) =J exp(—iAx)f(A) dA. (1.13)

Our aim in the present work is to study the thermodynamic equations described
above. Following the methods developed by Takahashi and Suzuki (1972), Tsvelick
and Wiegmann (1983) and Yang and Yang (1966) we compute the asymptotics of the
heat capacities in the low- and high-temperature limits and magnetic susceptibility in
a small magnetic field.

2. Computation of the specific heat in the low- and high-temperature limits

Let us start by transforming our basic system (1.7) in a way that is convenient for our
further computations. To this end divide the set of indices j in (1.7) into three groups:

Ugd={mili=r+1(mod2),i<r+1}
e=(-1)"{{j}={m<j<mli=r+1(mod2),i<r+1}
{j={1<j<m, -1 ’]E {oto{ii}}
(2.1)
(ot ={mi, o—1li=r(mod 2),i<r}
e=(-1)"{{j}={m_ sj<mli=r(mod2),i<r}
{pt={1=j<ma—1]j2{jot v i}

Recall that indices label the so-called strings which describe the solutions of Bethe’s
equation in the thermodynamic limit. The division (2.1) is in accordance with the role
of different strings in the composition of the ground state and excitations over it.

We regard (1.7) as a system of equations for the functions ¢,(1), £,(A), £,(1). In
order to study their low-temperature behaviour we first invent the kernel A, ; and

then invert the kernel A7) in the resulting system. We obtain the following equations:
1 oo zH
T € Jo.® 2T

= kz B, «, * log(1+exp(Bey,)) +log[1+exp(—Be,;)]

-2 Al * logl1 +exp(=Be, )1 - Al * log[1+exp(—Be,,)]  (2.2)
K, ko
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& =log[1+exp(Be; )]+Z Al * log[1+exp(—Bey,)]

=Y Al « log[1+exp(Bey,)] - Y. Al # log[1+exp(—Bey,)] (2.3)
ka

ko

0= Z B2 # log[1+exp(Be,) ]+ log[1+exp(—Be;,)]
+Z B(2 1y lOg[l +exp(_B€k,)]_z szzk?,) * log[] +exp(ﬁ€kﬂ)]- (24)
ko

Here 8=1/T, x=m,,, if e=(~1)" and x=0-1 if e=(-1)""! and the kernels
B'“#’ are given in appendix 1. Explicit formulae for A'“#’ and £!* (which are the
energies of the j strings) are given in our previous paper (Kirillov and Reshetikhin
1987). The value of z determines the spin renormalisation

z=(=1)"""po/ q.. (2.5)

Using the system (2.2)-(2.4) the expression for the free energy (1.6) may be trans-
formed to the following form:

+aoc

F(H, T)=%0(0)—ZJ eSP(A) T log[1+exp(Be; (A)] dA

-

+oc

—ZJ e;7(A) T log[ 1+ exp(—PBe,(1))]dA (2.6)
J2 4 -

where &,(0) is the ground-state energy at H =0 (see Kirillov and Reshetikhin 1987).

Let us consider first the low-temperature limit in which H-»0, T->0and y=H/T

is fixed. We introduce the functions (see Babujian 1982, Tsvelick and Wiegmann 1983)

1 1
goj(/\)=7_ej<)\—;log T) m_,<j<m 2.7

where at e = (—1)" we have x; = w/2p, for (mod 2), i<r+1and x; = 7/2p,.,fori=r+3,
at e =(—1)""" we have x, = m/2p, for i =r(mod 2), i<r, and x, = 7/2p,,, for i=r+2.

From (2.2)-(2.4) we obtain a set of non-linear integral equations for the functions
@;(A) which depend only on y at T—0. This system is almost of the same form as
the system (2.2)-(2.4), the difference being that H/T and &, (A —(1/x;) log T)/ T are
replaced by y and [(A), respectively. Here we denote by /;(A) the asymptotics of
(1/T)e”[A—(1/x,) log T] at T->0:

795 - TPi A
L(A)= 4pocos<2pi>sm <(J‘m;+1) 2p[1> eXp(—Z):)

1
[p, smh( 2”‘“)] m<j<m., (2.8)
L, (A)=2 cos(ﬂ—-q">ex (_—77—)\>|: (M) B 2.9
e Po 2, p 2 pi sin 2, (2.9)
A
I_,(A) =222 exp(—L>. (2.10)
pr+1 2Pr+1

Here i=r+1(mod2), isr+1if e=(-1) and i=r(mod2), i<rif e=(-1)""
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Substituting (2.7) into the formula (2.6) we obtain the low-temperature asymptotics
of the free energy:

F(H, T) - &,(0)

=-TY J‘ ) L(A) T log[1+exp(e;,(1))]dA

-7y wa I,() log[1+exp(—g; (1))] dA. (2.11)

S -

We can now obtain the specific heat of the system by using the general formulae

2
C, =—T(§f_> —T(;i,l—f;) . (2.12)

Unfortunately, these formulae are not effective at finite y. We cannot solve explicitly
a set of non-linear integral equations in this case. However, the leading term of the
low-temperature asymptotics of Cy; may be calculated exactly at H =0. To this end,
let us find the low-temperature asymptotics of the entropy which are given by the
following expression:

+oo
S=3 J [(p;+p}) log(p; + p]) — p; log p; — p log p}] dA. (2.13)
izl J -

A comparison of equations (4.23), (4.31) and (4.32) from the paper of Kirillov and
Reshetikhin {1987) and (2.2)-(2.4) yields at |A| > oo the following asymptotic relations:

L dg(A) (sj(/\)>
R (2.14)
v L ] (215)

where f(e)=(1+¢°)"" is the Fermi function and x, have been defined earlier.
Substituting these relations into the expression for the entropy we obtain the leading
term of its asymptotics as T >0

#;()
-X (- pTx J [f(@) log fe)+(1—f(¢)) log(1-f(¢))] de (2.16)

=1 0Xi J g,(~c0)

where the functions ¢;(A) are defined by (2.7).

Let us introduce the notation b; = ¢;(), ¢; = ¢;(—) and replace the integration
over dy in (2.16) by integration over df(¢). Now the expression (2.16) can be
rewritten in terms of the dilogarithmic Rogers function (see, for example, Levin 1958)

logy log (1-y)
L(x)= 2J (1_ . )y (2.17)
S= TZ——( 1)"PLL(f(b;)) — L(f ()], (2.18)

l;l 0;
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The constants b, and ¢; are determined from the system (2.2)-(2.4). To describe
them it is useful to introduce a standard sequence b;( p,) which is defined by

2
f(bj(pO))=(n-i-)‘y-) Isjsm,,, -2 (2.19)
F (B 1(po)) =22 F(Bm,..(Po)) =1—yy“ (2.20)

where p, is a fixed rational number and the numbers n; and y; are given by (1.1)-(1.5).
The set b; are the standard sequence for po= 7/, b; = b;(7/v). The set ¢; depends
on the structure of the Dirac sea. If ¢ =(—1)" then we get the following expression

for f(c;):

flem)=1 i=r+1(mod2) isr+1 (2.21)

flg)=0 m_,<j<m, (2.22)

fl¢) =-‘sin2<b'_:r+ 2) [sinz(%ﬂi_;%))]— mi_,<j<m_, (2.23)

&) =fbyom(Bo) > me, ﬁo=’f*—‘. (2.24)
r+2

If £ =(—1)""" the sequence f(¢;) is slightly different:

Sflew) =1 i=r(mod?2) isr (2.25)
fles—)=1 f(cj)=0 m_ <j<m, (2.26)
. -1
f(e) =sinz(bi_:r_'_z)[sinz(?;(i_:_lz))] mi_y<j<m_, (2.27)
f(q)=sin2(;+—17—r:—m—’>[sin2(a—w_’%+_—lm)—r>]_ m<j<o-1 (2.28)
A= fbyonlp)  j>o=1  fo=(-1rd, (229)
The function L(x) is known to satisfy the functional equations
L(x)+L(1—-x)=¢7" 0o<x<l1 (2.30)
L(x)+L(y)=L(xy)+L<x(l"y))+L(y(1_x)>. (2.31)
1-xy 1-xy

They imply that the following sum is equal to zero:

; (=1)"L{f(b{ po))) =0. (2.32)

In appendix 2 another useful sum is calculated:

n=? L( sin®(w/n) > _n-3 7_ri

sin®(wk/n))  n 6 (233)

k=2
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Using these formulae we obtain from (2.18) an explicit expression for the low-
temperature asymptotics of the entropy:

p b
i1 po b, t2

i=r+1(mod2}

e=(-1) (2.34)

pi by pao-1-m,
isr Do b,-2+2 Do 0+1—m,

i<r(mod2)

e=(-1)"" (235

These formulae hold whenever r=1, e =—1. In that case we have simply
S=aT(po—1)/3po. (2.36)

Substituting the low-temperature asymptotics of the entropy into (2.12) we obtain the
specific heat Cy at T->0, H=0.

The structure of these expressions is quite natural from the point of view of Fermi
liquid theory (see, for example, Tsvelick and Wiegmann 1983). In the case when the
Dirac sea is filled by strings of different sorts, there is a corresponding number of
Fermi liquids with different sound velocities (see formula (4.14) from the paper by
Kirillov and Reshetikhin (1987)). To each sort of Fermi liquid there corresponds a
contribution of fixed length strings to the Dirac sea. The low-temperature specific heat
is simply the sum of the specific heats of all Fermi liquids.

In the paper by Babujian (1982), the following formula was obtained for low

temperature asymptotics of the entropy for the isotropic Heisenberg model with higher
spin S:

28-2 fm2 +2
_ATLATS L( sin [ /(25 )]). (2.37)
3 7= sin“[7k/ (25 +2)]
Using (2.34) we calculate the exact vaiue of this sum
28
S = . 2.38
S+1 ( )

The Hamiltonian of the isotropic Heisenberg model may be obtained from the
Hamiltonian of the XXZ model we are considering in the limit po>00 at e = -1, r=0.
In this limit formula (2.38) follows from (2.35) modulo the normalisation factor 7/2p,,
which is due to a different normalisation of the Hamiltonian adopted by Babujian
(1982).

In order to investigate the high-temperature limit it is convenient to use equations
(1.6) and (1.7). Let us consider the limit T-> o, H - o for fixed ratio H/T. It is not
difficult to find the leading term of asymptotics for the solution of the system (1.7) in
this limit (see Takahashi and Suzuki 1972)

n;(A) =exp(Be;(1)) = 1" +O(1/T) (2.39)
L4 o _ SORLCH/2T)(n+ )] (2.40)
K sinh[(H/2T)y,] '

After substitution of these results into (1.6) we obtain

F(H, T)=-1T ¥ log(1+ 2y —3T log(1+ 7))+ 0(1). (2.41)
1=1
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Using (1.4) we obtain for the free energy the following simple answer:

sinh{(H/2T)n,}

F(H, T)=-T 108( sinh(H/2T)

)+O(1) £=x1. (2.42)

This formula, together with (2.12), gives the high-temperature asymptotics of the
specific heat.

Let us point out that (2.42) at H « T gives the following expression for the entropy:

o= NS= Nlog(1+285). (2.43)

This result is naturally interpreted as the completeness of the Bethe vector multiplet.
The number of Bethe vectors at T-> is equal to exp(co) =(2S+1)" in the thermo-
dynamical limit.

3. The magnetic susceptbility at small magnetic field

In this section we compute the magnetic susceptbility in the XXZ model at small
magnetic field. We shall consider only the bases when the Dirac sea consists of only
one sort of string. It is easy to see that this is the case only when ¢ and r have the
following values:

(i) e=1,r=0
(i1) e=-1,r=0 (3.1)
(iit) e=1,r=1.

From (2.6) at T—>0 we obtain a useful expression for the ground-state energy

Jo

Eo(H) - &,(0)=-Y J' £%(A)g, () dA. (3.2)
lul>B,

Here j, denotes the different sorts of sea strings, B, are defined by the conditions
Ejo(Bfo)zo (33)
(0)

and g '(A) are the energies of the j, strings (see Kirillov and Reshetikhin 1987). The
functions g, (A) are the solutions of the system (2.2) at T=0. In our case there is only
one term on the right-hand side and jo,=m,, o -1 or m,.

The equation for the function ¢;(A) has the following form:

—ejf’(A)ﬁ—%zH—J LA —w)g{u)du=¢,(A) (3.4)
ni>B

where z is the renormalisation of the spin:

Po Po

i) z= il) z=—"— i) z==— .
(1) z=po (i) p—— (iii) z ’ (3.5)
and the Fourier transform of the £”'(A) and 1+J, = B{%% are given in our previous
paper:

A inh i . :
14+, (x) = sinh( pox) 1+ (x) = sinh x sinh( pox)

2 sinh x cosh[( py—1)x] 2 sinh( p,x) sinh(byx) cosh x
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. : sinh( pyx) sinh x
L+ dx) = 2 sinh[{ po— o +1)x] sinh[(o —1)x] cosh x (3.6)
“(0)(x) Sinh[(g— l)x)]
sinh x cosh[{ po—1)x]
4(0) (x) = é\(’g) x)=2p sinh[ (o — m,)p,x] (3.7)

cosh x ® sinh(p,x) cosh x

We are interested in the limit H >0 in which B->0. In this limit equation (3.4)
turns to the Wiener-Hopf type equation for the function ¢, (A + B) (see Yang and
Yang 1966):

x

- (A+B)+ zzH—J JA—p)e(u+B)du =g, (A+B). (3.8)

0
Let us introduce the functions
E(x)=x% J exp(iAx)e;, (A + B) dA. (3.9)
0
Using the Wiener-Hopf method one can obtain the function £} (x) explicitly:

ity dx' G_(x)E £19(x") exp(—iBx’) EiHG_(O))
£j°(x)_G+(x)(__[ 27 x'—x-i0 +2 x+i0 /°

(3.10)

Here the functions G.(x) are analytic and nowhere zero in the upper (lower) half-plane
normalised by the condition G,.{(©)=1 and are the solutions of the factorisation
problem

1+J J(x)=GI'(x)G'(x) G_(x)=G.(—x). (3.11)

The main contribution to the integral in (3.10) at B -0 is given by the pole ix; of
the function £°'(x), which is the nearest pole to the real axis, and the expression (3.10)
is simplified:

- G.(ix, HiG_(0
£ (x) = G.(x) (—-L(i‘ﬁua exp(-x,B)+— ‘—(—)) .

x+ix, ° o 2 x+i0 (3.12)

Here /M, =res .., ¢ £,(x) and x; are given by (2.7).

It is not difficult to see that
g,(B)= lirg ix€} (x). (3.13)

From this equality and (3.3) one finds the relation between H and B
G.(ix,) M,
= Jo, Jo
2 G.(0) 2 exp(—x;,B). (3.14)

For B - oo the ground-state energy (3.2) may be expressed in terms of the function
EJo(x)

Eo( H) — 8,(0) = —pi r el(A + B)e, (A + B) dA

040

= p 10 exp( J(IB)elo(l .In) (3'1 5)
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At

Using representation (3.12) for the £;(x) we obtain the leading term of the
asymptotics of E,(H) at H->0:

2

8 PoX jnB(O 0)(0)

JoJo

&o(H)— €,(0)= (3.16)
So to calculate the magnetic susceptibility x = -3 %’O(H)/6H2 at H =0 one does

not need the exact expression of G.(x). In (3.16) present only B}:,;”(O) and for y we

have the following expression:

DPo— 1 1 o-1 l’C

(i) Xomr=T—— 7 (i) xm,=——. (3.17)

(1) X”II= 7Tp0"(7+1 P2

Iterating equation (3.4) one can obtain the next terms of the asymptotics of y(H)
at H -0 (see Yang and Yang 1966, Babujian 1982).

In the cases when the Dirac sea consists of more than one sort of string the task
of calculating the magnetic susceptibility reduces to the matrix factorisation problem.
In the present paper we do not consider this case.
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Appendix 1

It is convenient to define the kernels Bj**’ by their Fourier transforms. We consider
only the case when £ =(—1)". The second case £ =(—1)""" may be considered in a
similar way in accordance with the formulae of appendix 3 from the paper by Kirillov
and Reshetikhin (1987). The matrices Ajp”, A = A“j’ " and Alx" may be found in
the abovementioned appendix. The matrices B‘2 P(x), BipV(x) and B‘2 9(x) have the
following form:

1

(22)(x)_j 2cosh(p.-—lx)(sj’m-l-Sj”-l) (ALD
B@ ")=Cost[cf:r:(;,.i?)ﬂ5’*""-“‘ m_ <k<m (A1.2)
B3O(x) = m@,m,_l_, (A1.3)
B ) = oo B (AL4)

where m;_,<j,/<m;and i=r+1(mod2),i<r+1. If j, k> m,,, the matrices BZ?(x),
B2(x) have the following form:

(22)(")— Si+1(x)(_5m,—1,k+5m,+1,k) (AL.5)
B_;f'z)(x)-_—5jk—Si+l(x)(6j,k+l+6j,k—l) m<j<m,—1 (A1.6)
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B2V ()= (1=dis ()8, i1k = St ()8 -2 = Si2(X) 8 m . & (AL7)
B2 L, (0)=(1= 821 (x)8 -2 = Sast(X)(Bimy 34+ Btk F k) (ALB)
B () =81k Sast(X)8m, 2k (AL9)
BE? ((X)=8m .kt Sarr(X)8m,, -2k (A1.10)
B2Y (x)=8,:1(x)8;m. i (AL.11)
A 2 A cosh{(pi—pis1)x

Si(x)=200sh(p,x) di(x)zZCosh(l[)fyg coI;}:(l;,-jlx)' (AL12)

These formulae are written for the rational parameter p,=w/y=
[bO’ bl, b2, ceey ba+l], bi22~

Appendix 2

Let us consider the function

L(r,0)=Re L(re'’)
_ 1 J"log(l—2p cos 8+ p%)
T 2Jo p

where L(x) is the Rogers dilogarithmic function defined by (2.17).
The function L(r, 8) has the following properties:

dp +log|r|log(1—2r cos 6+ r%)

L(-1,0)=30>—5n2 0<fd<n (A2.1)
L(1,68)=Xm-0)Y—-37° O<f<r (A2.2)
. i
L(——-s¥n¢,<p+6>+L(—s_m ,<p+0>=%(¢+9)2—%772 (A23)
sin 6 sin ¢
sin? ¢ sin(g — 8) sin ¢
Ll ==~ )=20p+2L| -————, ¢ | -2L{ ———,¢+0 ). (A24)
sin” 6 sin @ sin 0

The formulae (A2.1)-(A2.4) may be proved by the differentiation of the left- and
right-hand sides of these equalities. For example, let us prove (A2.4). It is easy to see
that

- + 2 -
dL(r,6)=(—%—l°g(1 2rcos 0+r?) o r—cos @ 2|r]>dr

1
r 2 g1—2rcost9+r
rsin 6 1 r sin 6
+ —tan“'(———-—)+—l —_— ]dﬂ.
[ 1-rcos 8/ 2 0g1—2rcos (9+r2‘rl

sin(¢ + 6)
in @

So, we have
d .
d L<— s¥n ¢
de¢ sin @
Similarly, one can prove that

d [sin® 0) (sin(¢—0)sin(<p+0)
< ~cotol
de (sin2 ) cot ¢ log sin’ @ )

1 .
,<p+0>=—acot<plog< )+Cot(<p+0)log(m>+gp.
1

sin 8

N sin 2¢ o (sin (p)
sin(¢ — 0) sin(o+8) “S\sin g/
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Comparing these formulae one can see that the derivatives of the left- and right-hand
sides of (A2.4) over ¢ coincide. The equality (A2.4) may now be deduced from (A2.1).
From (A2.4) it follows that

m sin” 8 ( m(m+1) ) ( sin ¢ )
— 2B ) o2 me+ T g ) rar (222 o4
kz=:1 L(sinz(cp-l- k0)> me 2 sing’ ¥
i + mé
_2L(_——S‘n(‘f’ 9’" ),<p+(m+1)0) O<eo+(m+1)f<m (A2S)
sin

Let us take ¢ =0, (m+1)8 = 7, n = m+1 in this equality. After some easy transforma-
tions we obtain the equality (2.34).
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